A new phenomenon of coherent acceleration of ions by a discrete spectrum of electrostatic waves propagating perpendicularly to a uniform magnetic field is described. It allows the energization of ions whose initial energies correspond to a region of phase space which is below the chaotic domain. The ion orbits below the chaotic domain are described very accurately using a perturbation analysis to second order in the wave amplitudes. This analysis shows that the coherent acceleration takes place only when the wave spectrum contains at least two waves whose frequencies are separated by an amount close to an integer multiple of the cyclotron frequency. The way the ion energization depends on the wavenumbers and wave amplitudes is also presented in detail using the results of the perturbation analysis. 
where ri = ki/ki, vi = wi/Q, and ei = (kiqE )/(mQ 2 ). The Hamiltonian (2) will be the starting point of all the analytical calculations made to describe the dynamics defined by (1).
III. RESULTS OF ONE WAVE CASE
It has been shown in Refs. 1-4, and 12 , that an ion can gain energy from one wave whose frequency is above the cyclotron frequency only if the ion dynamics are chaotic. In the single 4 wave-particle interaction, the dynamics is qualitatively different depending on whether the wave frequency is an integ:r multiple of the ion cyclotron frequency (on-resonance case) or not (off-resonance case).
In the off-resonance case, it has been shown in Refs. 1 and 2 that chaotic dynamics occurs if the wave amplitude exceeds a threshold amplitude:
For amplitudes above the threshold value, the chaotic phase space is bounded from below and from above in action; the lower bound of the stochastic region is
Since the acceleration of ions by a single wave can only be stochastic, (4) yields the minimum energy an ion needs to have in order to be accelerated by the off-resonance wave.
In the case of one on-resonance waveO 12 , there is a web-structure in phase-space that extends up to infinite values of the energy. However, the web becomes increasingly thin at large energies. Also, the web structure has a lower bound in energy." This implies that, in the on-resonance case, the initial energy of an ion needs to be high enough for the ion to be accelerated by the wave. It has been shown that this lower bound tends to lift up to higher energies as the wave amplitude is increased until crossing over with (4) ." Nevertheless, for high harmonics of the cyclotron frequency, the estimate given in (4) for the lower bound in energy is approximately valid also in the on-resonance case. So, for high ion-cyclotron harmonics, the estimate (4) can be considered to apply to the on-resonance case.
IV. ACCELERATION OF LOW-ENERGY IONS WITH MORE THAN ONE

WAVE
In the case of more than one wave, the lower bound (4) for stochastic acceleration remains valid, if v is the minimum of the vi's. However, unlike for the case of one wave, the energy of an ion can vary a lot even if its initial Larmor radius is less than the limit (4) (see Fig. 1 ).
Hence, an ion below the stochastic domain can be accelerated. The motion of an ion in this domain of phase space is regular, as can be seen on Fig. 1 , and can thus be deduced from an integrable Hamiltonian. This integrable Hamiltonian can be derived from the complete Hamiltonian (2) using perturbation theory. We perform the perturbation analysis only up to second order, using the formalism of the Lie transform. This leads to an integrable Hamiltonian H whose orbits are found by solving f = const. As can be seen in Fig. 1 , the orbits of H provide a very accurate description of the actual motion. Hence, the dynamics defined by H will be described by studying the integrable dynamics given by k, whose derivation is detailed in the following subsections.
A. Coherent acceleration in the case of two off-resonance waves
In this subsection we focus on the dynamics defined by (2) , in the case of two waves such that neither vi nor v 2 are integers, and for values of p less than min(vi, v 2 ). As already 6 mentioned before, these dynamics can be accurately described by a perturbation analysis on the Hamiltonian (2) up to second order in the wave amplitudes. The perturbation analysis is performed using the formalism of the Lie transform"," 1 
where J, is the Bessel function of order m, the prime denotes the derivative with respect to the argument of Jm, and , = k 2 /kl. S and S3 are deduced from S2 and S 4 by changing v 2 into vi and by setting . = 1. The sums S2 and S 4 (and thus the sums S, and S 3 ) can be carried out analytically, as well as the sums S5 and S6 when . = 1. However their exact expression will not be reported here as they do not give any useful information about the phenomenon of coherent acceleration described in this paper.
To first order in the wave amplitudes, the original variables (1, 6) are related to the new variables (1,0) by +00 mJm( ) cos(m# -v 1 7-)
Tf=-Oo V, -m r_-00 r(V2 -m)
It is sufficient to calculate the change of variables to first order as the second order terms give negligible contributions. However, we need evaluate the second order contributions to I(off), as there are no first order terms in (off).
For p < min(vi -/ci), i.e. below the chaotic domain, the change of variables given by (10) is close to identity. This is a necessary condition for the perturbation analysis to give accurate results, and is the reason why, in the rest of the paper, we identify the variations in I with the variations in I. The change of variables given by (11) is also close to an identity transformation, except for very small values of p. However, since 6 appears in Hamilton's equations through X = psin6 and = p cos 6, and since the transformation 
We then define a canonical change of variables (i,-) 4i (, t) using the generating function 
The Hamiltonian (14) is integrable and the ion orbits are obtained by solving fI(Off) = const.
is not an integer, then solving ft(*f) = const yields 0 = const. In such a case the original action I only fluctuates by an amount of order Ei or e 2 , and behaves as in the case of one wave: there is no acceleration. This is physically clear because when
is not an integer, the action of the waves only amounts to some rapid perturbations which do not really affect the ion motion. Conversely, when (vi -v2) is an integer, the non-linear beating of the waves gives rise to a slowly varying force acting on the ion and coherently accelerating it. The third term on the right-hand side of (14) The orbits of f, obtained from (15), are independent of the wave amplitudes: dividing each amplitude by the same coefficient will not change the amount of energy an ion can gain from the waves. However, decreasing e increases the time needed for acceleration as it is clear from (15) that this time is proportional to e-2.
Let us now study the dependence of the acceleration mechanism on the ratio of the wavenumbers r = k 2 /ki, and on the integer difference (v -v 2 ). Solving ft(off) = e 2 const leads to When .~ 1.02, both Amin and Am. are very close to A0. This is due to the fact that the first coefficient of the Taylor expansion of S 6 (p) goes through 0 for X ~ 1 + 2/Vi, which implies that for such values of n S6(0) becomes very small compared to SI (A) and S 2 (p). In this case there is no acceleration.
Finally, one can see in Fig. 2 that for values of K close to one, there is a peak of large acceleration. This peak is actually not centered about K = 1 but about a value of K less than
1.
For values of K corresponding to this peak, Am. gets very close to V 1 . For large enough
values of E, the lower bound of the stochastic region, as estimated from (4), can actually be lower than the value of &m, predicted from perturbation theory. For such values of e, the phase space is not partitioned into a regular and a chaotic region. Our perturbation analysis accurately describes the ion dynamics until p = min(vi -fiE), which allows us to show that an ion can be coherently accelerated up to this value of the Larmor radius. As soon as p = min(vi -f/i), the ion dynamics is no longer integrable and cannot be approximated by a perturbation analysis. The ion then gains energy by the classical stochastic acceleration as described in Refs. 1-4. There is also a peak of large acceleration when vi -v2 = 2, but it is shifted to the left compared to the case when vi -v2 = 1. This is a general trend: as vi -v2 increases, this peak moves to the left.
Finally, it is important to remark that when vi -v2 = 1 and when v, -v2 = 2, the maximum energy an ion reaches is about the same when fio = 10 as when fio = 53. An ion can reach the chaotic domain of phase space whatever its initial energy. This last feature is only true when Fig.4 ).
In conclusion, we have shown that an ion, regardless of its initial energy, may be accelerated by two waves. Moreover, in an experiment where the wave characteristics can be specified, one can have, with two waves, a lot of control on the ion dynamics below the stochastic region. Indeed, by changing the ratio of the two wavenumbers or the difference between the two waves frequencies, one can choose the amount of energy an ion gains from the waves as well as the range of initial energy of the ions that are accelerated.
B. Coherent acceleration in the case of two on-resonance waves
We now study the dynamics defined by (2) , in the case of two waves with both vi = ni and v 2 = n 2 being integers. We will restrict ourselves to the case where p is less than min(ni,n 2 ). Thus, we again focus on a region of phase space where the motion is well described by an integrable Hamiltonian. As in the previous section, this Hamiltonian is derived
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from H by using perturbation theory up to second order in the wave amplitudes. We then obtain the following transformed Hamiltonian: 
(21)
As in the off-resonance case, it can be shown that the only sums that give a non-negligible contribution to f *") are 31, 92, and S 6 . Moreover, for / 5 min(ni, 
It is clear from (24) that the only difference between the on and off-resonance cases comes form the presence of a first order term in f1"") which does not exist in *off). If I ni -n2 I< min(ni, n2) (which is the only case we consider here), when 0 -> 0, this first order term decreases more rapidly than fIoff). This implies that there exists a value Of (e 1 , e 2 ) such that for < /(e 1 , e 2 ), k2*") f2of
In other words, in the region of phase space corresponding to /35 / the orbits for two on-resonance waves are very close to the orbits for two offresonance waves. In particular, if for a given initial condition the maximal value of the Larmor radius of an ion in two off-resonance waves is less than /3, then the Larmor radius of an ion in two on-resonance waves will never exceed 01 either. Therefore, the figures 2 to to be larger than 01. For .-uch values of K the first order terms in H2(') have to be taken into account as 0 can reach the lower bound of the stochastic phase space min(ni -vc-). Fig. 5 where A. is plotted as a function of K for nj = 140 and n2 = 139. For values of K less than 0.978 or larger than 1.001, 0,. evolves smoothly with K and assumes the same values as the ones reported in Fig. 2 for two off-resonance waves.
This is illustrated in
Two discontinuities occur at K ~ 0.978 and K ~ 1.001 due to the effects of the first order terms in H2"(') which bring 0pm. to values larger than min(n, n 2 ). Our perturbation analysis is only valid for < min(ni -VIE). Thus, the physical situation is as follows: the ion is coherently accelerated until p = min(ni -Vcl), after which the ion experiences a stochastic acceleration. Hence, the effect of the first order terms is to enhance the acceleration by providing an easier access to the stochastic region.
It is clear that, for smaller wave amplitudes, the first order terms will be more important in H(") and, hence, will have a significant effect on a larger part of phase space. This implies that At(E 1 , 6 2 ) is an increasing function of the wave amplitudes. Consequently, as the wave amplitudes are lowered, a larger fraction of ions can experience stochastic acceleration. This is the same kind of effect as the one described in Ref. 11 for one on-resonance wave.
However, for high harmonics, 01 is quite insensitive to the value of the wave amplitudes and is close to min(nj, n 2 ), as can be seen in Fig. 5 .
C. Relaxation of the condition on the wave frequencies for acceleration
Sections IV.A and IV.B showed that an ion can be accelerated by two waves in a magnetic field provided that the difference in the wave frequencies is an integer multiple of the cyclotron frequency. We show here that the condition on the wave frequencies can actually be relaxed and that there can be some acceleration even if
where n is an integer, and I Sv 1<< 1 is a small number scaling as -IE2. Indeed, it is always possible to define a canonical change of variables in such a way as the term involving
cos[(vi -v 2 )r] is taken into account in H2(* *, whatever the value of (vi -v 2 ). In the case
where W, = 02, the Hamiltonian thus obtained is
S 6 ( ) being defined by (9) with (vi -v 2 ) replaced by n. Moreover, it can be shown mathematically that there exists a 6v*, scaling as ee 2 , such that when 6v < 6v*, if the last term of (26) is omitted, then this Hamiltonian becomes irrelevant to describe the dynamics defined by (2) . Indeed, if the last term of (26) is omitted then, when 6v < 6v*, the change of variables 
D. Acceleration of low energy ions in an arbitrary discrete wave spectrum
In this section we study the dynamics defined by (2) in the case when an arbitrary number of on and off-resonance waves are included. The study is still restricted to the part of phase space which is .below the stochastic region, namely we only consider values of p such that p < min(vi). We show here that the results obtained in the case of two waves readily apply to the case of many waves. This occurs simply because a perturbation theory led up to the second order in the wave amplitudes only involves the non-linear interaction of pairs of waves. Thus, to second order, and using the same approximations as before, the Hamiltonian 
19 when vi and vj are not integers. If they are integers the term involving m = vi has to be excluded in the first sum of (30), and the term m = vj has to be excluded in the second sum of (30). Again, as noted when studying the case of two waves, the fact that vi and vj are integers or not does not really affect the values of S(Sj() as long as 3 < min (vi, v 3 ) . Now, the dependence of the acceleration mechanism on the wave spectrum parameters can be easily deduced from the case of two waves. In particular, the first order terms only play a role in a part of phase space close to the chaotic domain and can be neglected in a first approximation. Therefore, there is acceleration when the sum, S., of the terms
is at least of the same order as the sum, S,, of the stabilizing terms eS2(n). This yields the conditions on the different parameters of the problem in order to obtain acceleration.
In the case where the wave amplitudes are all about the same, the condition on the frequencies is simply that the number of pairs of frequencies separated by an integer multiple of the cyclotron frequency must be at least of the order of the total number of waves. Indeed, otherwise the number of stabilizing terms is much larger than the number of accelerating terms, and there is no acceleration.
As for the amplitudes, we can show, as in section IV.A, that the energization is maximum when two waves whose frequencies are separated by an integer multiple of the cyclotron frequency have the same amplitudes. Moreover, if all the waves have the same normalized amplitude e, then the orbits do not depend on e, except when the first order terms are not negligible, in which case we find that an ion accesses more easily the chaotic domain of phase space as e is decreased Finally, the way the gain of energy varies with the wavenumbers can also be very easily deduced from the study performed for two waves. Indeed, for each pair of waves yielding an acceleration term, one knows how much energy an ion would gain if only these two waves existed. Then, the order of magnitude of the energy an ion gains from the whole spectrum is of the order of the sum of the energies gained from each pair of waves divided by half of the total number of waves. Therefore, min and Am, are expected to behave with the wavenumbers in a similar way as in the case of two waves. In order to test this point numerically without having to specify a dispersion relation, we consider the case when the wavenumbers are all about the same value. Then, it is valid to make a first order Taylor expansion of the dispersion relation k(w) and to relate the wavenumbers through a linear 21 relation ki = ki +a(wi -wi), where a is the inverse of the group velocity evaluated at k = k 1 .
Numerically, we fix the values of the wave frequencies and compute the amount of energy gained by an ion when a is varied. Fig. 6 plots min and pmn versus K = k 2 /k 1 in the case of multiple waves. This figure is similar to Fig. 3 plotted in the case of two waves. One can notice however that in the case of multiple waves the maximum value of pmg is somewhat lower that in the case of two waves. Yet, in the case of Fig. 6 , four pairs of waves give rise to acceleration while there are five waves. Therefore, the ratio of the number of terms giving rise to acceleration divided by the total number of waves is higher than in the case of two waves. The fact that the maximum acceleration is not as high as for two waves simply comes from the fact that the zones of high acceleration do not correspond to the same value of the ratio of the wavenumbers for each pair of waves.
In deriving the Hamiltonian (29) we did not take into account the case when the difference (vi -v,,r) between two normalized wave frequencies is so close to an integer that the non-linear interaction of these waves could give rise to an accelerating term even though (vt -Vm) is not an exact integer. If we denote v, -vn = n + Jv 1 then, as in the case of two waves, the non-linear interaction of the waves I and m has to be included in (29) for a small enough value of Jvj, scaling as eiem. Including the corresponding term in (29) yields
The Hamiltonian (31) is not integrable, as soon as there is more than one term in the sum H = const. Since the maximum value of 6vi scales as elem, the time 1/6vi is at least of the order of the time which gives the coherent acceleration when either 6vi = 0, or the term due to the waves 1 and m is negligible. This is actually intuitively obvious, because if 1/3zv' were much smaller than the time of coherent acceleration, then the term cos(ni<~ -6zir + (pj -Wm)
would behave as a fast perturbation and would henceforth be removable using perturbation theory, which is not the case. Therefore, an orbit of f is close to the orbit obtained by setting Jv, = 0 during a time ro larger than the time needed to energize an ion when 5i-= 0.
This implies that the analysis made on a Hamiltonian like (29) gives the order of magnitude of the energy gained by an ion also in the case of a Hamiltonian of the form (31).
In conclusion, we have shown that the results found in the case of two waves in the sections IV.A and IV.B can be readily generalized to the case of an arbitrary discrete wave spectrum. This shows the universality of the results found in the case of two waves, and implies that the main features of the dynamics of an ion in a discrete spectrum of waves propagating perpendicularly to a uniform magnetic field are known in a complete way, as long as the ion's orbit remains below the stochastic region.
V. CONCLUSIONS
This paper shows the ability of electrostatic waves, propagating across a uniform magnetic field, to accelerate ions regardless of how small the ions initial energies are. The acceleration of low-energy ions is coherent, so that there is no threshold for the electric field amplitudes of the waves for the acceler.ation to take place. The stochasticity threshold that is usually studied in wave-particle interactions is not relevant for this case. The time needed to accelerate low-energy ions is shown to scale inversely as the square of the wave amplitudes.
Moreover, we showed that one could have a lot of control on the ions dynamics with electrostatic waves in a magnetized plasma since the maximum energy that the ions can achieve as well as the ion population that is energized can be determined by appropriately choosing the wave frequencies and wavenumbers.
All these results can be readily applied to any physical situation involving coherent waveparticle interaction in a magnetic field. In particular, they prove to be relevant in explaining recent results 0 regarding the acceleration of the ions 0+ and H+ in the ionosphere. 9 . 
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